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Chapter 1.1

These problems implicitly make use of the following lemma (stated casually in the book).

Lemma  If   is a group and  is closed under   , then    is associative in .a bKß L © K Læ æ æ

Proof   . We know  is associative in  by definition of a group. Now let . Since  isæ K +ß ,ß - − L L
closed,   . However, since  implies  we also know+ , - ß + , - − L +ß ,ß - − L +ß ,ß - − Kæ æ æ æ  a b a b    

+ L . Hence, is associative in .æ æ æ æ æ a b a b, - œ + , -         

Problem 1.1.1  Determine which of the following binary operations are associative:

(a)  the operation  on  defined æ æ™ + , œ +  ,

(b)  the operation on  defined by æ æ‘ + , œ +  ,  +,

(c)  the operation on  defind by æ æ + , œ +,
&

(d)  the operation on  defined by æ æ™ ™‚ +ß , -ß . œ +.  ,-ß ,.a b a b a b
(e)  the operation on  defined by a b .æ æ ! œe f +

,

Solution. (a)  Not associative. For example, .a b a b# " œ ! Á # œ # " "æ " æ æ æ

(b)  Associative, because

 a b a b a b a b+ , - œ +  ,  +, - œ +  ,  +,  -  +  ,  +, -æ æ æ

  .œ +  ,  -  ,-  + ,  -  ,- œ +  , -  + , - œ + , -a b a b a b a b a bæ æ æ æ

The intermediate steps follow because usual addition and multiplication is associative and commutative in .™

(c)  Not associative. For example, .a b a b! ! #& œ & Á " œ ! ! #&æ æ æ æ

(d)  Associative, because

 a b a b a b a b a ba b a b a b a b a b+ß , -ß . /ß 0 œ +.  ,-ß ,. /ß 0 œ +.  ,- 0  ,. /ß ,. 0æ æ æ

    œ + .0  , -0  ./ ß , .0 œ +ß , -0  ./ß .0a b a b a ba b a b a b æ

    .œ +ß , -ß . /ß 0a b a ba b a bæ æ

Notice we could not say  is isomorphic to  even though intuitively ,a b a b™ ™ ‚ ß ß   œæ
+ - +,,-
, . ,.

because this would exclude  or  equal to  (which is encompassed by the former)., . !

(e)  Not associative. For example, .a b a b" " # œ Á # œ " " #æ æ æ æ
"
#

Problem 1.1.2  Decide which of the binary operations in the preceding exercise are commutative.

Solution. (a)  Not commutative. For example, 1   .æ æ! œ " Á " œ ! "

(b)  Commutative, because

   ,+ , œ +  ,  +, œ ,  +  ,+ œ , +æ æ

due to addition and multiplication being commutative in .™

(c)  Commutative, because

   ,+ , œ œ œ , +æ æ
+, ,+
& &
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due to addition being commutative in .™

(d)  Commutative, because

   ,a b a b a b a b a b a b+ß , -ß . œ +.  ,-ß ,. œ -,  .+ß ., œ -ß . +ß ,æ æ

due to addition and multiplicaiton being commutative in .™

(e) Not commutative. For example,   .# " œ # Á œ " #æ æ
"
#

Problem 1.1.3  Prove that the addition of residue classes in  is associative (you may assume it is well™ ™Î8
defined).

Proof. Let . Then  (by definition--see page 9 in the book),+ß ,ß - − Î8 +  ,  - œ +  ,  -™ ™ ˆ ‰
which equals  (again by definition). However,+  ,  - œ +  ,  -a b
 . +  ,  - œ +  ,  - œ +  ,  - œ +  ,  -a b ˆ ‰ �

Problem 1.1.4  Prove that the multiplication of residue classes in  is associative (you may assume it is™ ™Î8
well defined).

Proof. Let . Then  (by definition--see page 9 in the book), which+ß ,ß - − Î8 + , † - œ + † ,-™ ™ ˆ ‰
equals  (again by definition). However,+ ,- œ +,-a b
 . +,- œ +, - œ +, † - œ + † , -a b ˆ ‰ �

Problem 1.1.5  Prove for all  that  is not a group under multiplication of residue classes.8  " Î8™ ™

Proof. In the book, we've seen  is a group. Hence,  must be the guilty element of breakinga b™ ™Î8 !‚

this structure. Indeed,  has no inverse, since  for any , and we! ! † + œ ! † + œ ! œ + † ! œ + † ! + − Î8™ ™

know  is the identity since  for any . Since there is no element " " † + œ " † + œ + œ + † " œ + † " + − Î8 +™ ™

such that ,  has no inverse and by definition  is not a group under multiplication of residue! † + œ " ! Î8™ ™
classes. �

Problem 1.1.6  Determine which of the following sets are groups under addition:

(a)  the set of rational numbers (including ) in lowest terms whose denominators are odd! œ !Î"

(b)  the set of rational numbers (inculding ) in lowest terms whose denominators are even! œ !Î"

(c)  the set of rational numbers of absolute value  "

(d)  the set of rational numbers of absolute value  together with   " !

(e)  the set of rational numbers with denominators equal to  or " #

(f)  the set of rational numbers with denominators equal to , , or ." # $

Solution. For each respective problem, call the group .K

(a)  This is a group. First, if  with  and  (i.e., both are odd) and , then+ -
, .ß − K # l, # l. +ß , œ -ß . œ "Î Î a b a b

+ - +.,-
, . ,. œ − K
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since ; hence we have closure. We know it is associative since  is on addition and . The# l ,. K §Î  
identity is  since  for all . Finally, each element has an inverse since!Î"  œ œ  − K! + + + ! +

" , , , " ,
+ + ! +
, , " , œ − K for any .

(b)  This is not a group because it does not have closure. For example,  but since  is in" " " " "
# # # " "− K  œ Â K

lowest terms and the denominator is odd (not even).

(c) This is not a group because it does not have closure. For example,  since  but" "
# #− K Ÿ "¸ ¸

" "
# # œ " Â K " Î " since .k k
(d)  This is not a group since it fails closure. For example,  since , but $ $ $

# # #ß " − K  "   "  " œ¸ ¸ k k a b
" " "
# # #Â K  Î " Á ! since  and .¸ ¸
(e)  Assume each rational number is in lowest form. This is a group. First, take  with the greatest+ -

, .ß − K

common divisor of  and , and  and  equal to 1. Consider . Then . Otherwise,+ , - . , œ . œ #  œ − K+ - +-
# # #

+ - +.,-
, . ,. œ − K ,. œ " # ,.ß +.  ,- œ " # ,. œ # +.  ,- since  or  since gcd  or  (if  and  is even, thea b
gcd becomes ). Hence,  is closed. We know it is associative since  is on addition and . The" K K § 
identity is  since  for all . Finally, each element has an inverse since!Î"  œ œ  − K! + + + ! +

" , , , " ,
+ + ! +
, , " , œ − K K for any . By definition,  is a group.

(f)  This is not a group because it is not closed. For example,  but . " " " " "
# $ # $ 'ß − K  œ Â K �

Problem 1.1.7  Let  and for  let be the fractional part K œ B − l ! Ÿ B  " Bß C − K B 90 B  Ce f‘ æ C 

(  )  i.e., where  is the greatest integer less than or equal to . Prove that is aB + +æ æC œ B  C  B  Cc d c d
well-defined binary operation on  and that  is an abelian group under called  K K "æ  ( ).the real numbers mod

Proof. To show the operation is well-defined, notice either 1 or . In the! Ÿ B  C  " Ÿ B  C  #
former case,  so that . Otherwise,  so that c d c d c dB  C œ ! C œ B  C  B  C œ B  C B  C œ " C œB Bæ æ

B  C  " K. Hence, is a well-defined binary operation on . To show closure, again consider the two casesæ

mentioned earlier. In the former,   and since 1 by assumption, .B B Bæ æ æC œ B  C ! Ÿ B  C œ C  C − K
In the latter case,   and since  we have B Bæ æC œ B  C  " " Ÿ B  C  # "  " œ ! Ÿ B  C  " œ C 
#  " œ " C − K K Bß Cß D − K so again . Therefore,  is closed. To show it is associative, notice for ,Bæ

 a bBæ æ æC D œ B  C  B  C D œ B  C  B  C  D  B  C  B  C  D œa b a b c dc d c d c d
      œ B  C  D  C  D  B  C  D  C  D œ B  C D  B  C D œ Bc d c d a b c dc d a bæ æ æa bC Dæ .

The middle equality holds because  whichc d c d c d c dc d c dB  C  B  C  B  C  D œ C  D  B  C  D  C  D
needs to be explicitly justified case-by-case.  Assume  and , or ! Ÿ B  C Ÿ " ! Ÿ C  D Ÿ " " Ÿ B  C  #
and . Then  so the equation holds. Otherwise, assume without loss of" Ÿ C  D  # B  C œ C  D œ "c d c d
generality  and . Then  and , so that! Ÿ B  C Ÿ " " Ÿ C  D  # B  C œ ! C  D œ "c d c d
 c d c d c d c d c d c dc d c dB  C  B  C  B  C  D œ B  C  D œ "  B  C  D  " œ C  D  B  C  D  C  D .

Hence, the operation is associative. Furthermore,  is the identity since!
!  B  !  B œ B  !  B  ! œ B  B B − Kc d c d c d for any . Finally, each element has an inverse, since

B  B  B  B œ B  B  B  B œ !  ! œ ! B − K Ka b c d a b c d c da b a b  for each . Therefore,  is a group.

Finally,  is abelian since for any , we have that  since additionK Bß C − K B  C  B  C œ C  B  C  Bc d c d
is commutative in . Hence,  is an abelian group. ‘ K �
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Problem 1.1.8  Let  for some .K œ D − l D œ " 8 −e f‚ ™8 

(a)  ( roots of unity ).Prove that  is a group under multiplication called the group of  of K ‚

(b)  Prove that  is not a group under addition.K

Proof. (a)  To prove closure, let . Then  such that . ThenAß D − K b8ß7 − A œ D œ "™ 8 7

a b a b a bAD œ A D œ " " œ " 87 −87 7 88 7 7 8  and since  (the positive integers are closed under™
multiplication), by definition . Hence,  is closed. Associativity is guaranteed since  is aAD − K K Ï !‚ e f
group under multiplication, and  (notice  since there is no  such that ). TheK § Ï ! ! Â K 8 − ! œ "‚ ™e f  8

identity is  since for  we have  so that , and furthermore for all ," 8 œ " − " œ " " − K D − K™ "

" † D œ D † " œ D D − K 8 −. Finally, each element has an inverse since for each  there is an  such that™

D œ " D D œ D † D œ D œ " Kß †8 8" 8" 8, so that . Therefore, is a group. a b �

(b)  Since , it can not be a group under multiplication since  as there is no  such" − K "  " œ # Â K 8 − ™

that  (and hence  is not closed). # œ " K8 �

Problem 1.1.9  Let .K œ +  , # − l +ß , −š ›È ‘ 

(a)  Prove that  is a group under addition.K

(b)  Prove that the nonzero elements of  are a group under multiplication.K

Proof. (a)  Let . Then +  , #ß -  . # − K +  , #  -  . # œ +  -  ,  . #È È È È ÈŠ ‹ Š ‹ a b a b
is in the group, because  (since  is a group). Associativity is guaranteed since+  -ß ,  . − ß  a b
K § ß  !  ! # !  ! #  +  , # œ +  , # ‘ ‘ and  is a group. The identity is  since a b È È È ÈŠ ‹ Š ‹ Š ‹
Š ‹È È È!  ! # œ +  , # +  , # − K for any . Finally, each element has an inverse since for

+  , # − K +  , #  +  , # œ +  , #  +  , # œ !  ! #È È È È È ÈŠ ‹ Š ‹ Š ‹ Š ‹a b a b, .

Therefore,  is a group under addition. K �

(b)   Let . Then  is in the+  , #ß -  . # − K +  , # -  . # œ +-  #,.  +.  ,- #È È È È ÈŠ ‹Š ‹ a b a b
group, because  (since  is a group). Associativity is guaranteed since +-  #,.ß +.  ,- − ß † K §  ‘a b
and  is a group. The identity is  since a b È È È ÈŠ ‹Š ‹ Š ‹‘ß † "  ! # "  ! # +  , # œ +  , # †

Š ‹È È È"  ! # œ +  , # +  , # − K for any . Finally, each element has an inverse since for

+  , # − K +  , #  # œ  # +  , # œ "  ! #È È È È È ÈŠ ‹Š ‹ Š ‹Š ‹,  (this+ , + ,
+ #, + #, + #, + #,# # # # # # # #

was obtained by solving for  and  in ). We know  since- . +-  #,. œ "ß +.  ,- œ !  # − K+ ,
+ #, + #,# # # #

È
+ ,

+ #, + #,# # # #ß − K ! +ß , − (notice the denominator can never be  or that would contradict , and neither can

both the terms be  since ). Therefore,  is a group under multiplication. ! ! Â KÏ ! KÏ !e f e f �

Problem 1.1.10  Prove that a finite group is abelian if and only if its group table is a symmetric matrix.

Proof. Assume  is a finite abelian group. Then the ,  entry in its group table is theK œ 1 ß ÞÞÞß 1 3 4e f" 8

group element . The  entry in its group table is the group element . Hence, by1 1 œ 1 1 4ß 3 1 1 œ 1 13 4 4 3 4 3 3 4

definition, the group table is a symmetric matrix. Now assume  is a finite group with aK œ 1 ß ÞÞÞß 1e f" 8

symmetric matrix. Then the ,  entry is the same as the  entry, that is, . However, this holds for3 4 4ß 3 1 1 œ 1 13 4 4 3
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any two elements  so that  for all elements of . This is precisely the definition of an1 ß 1 − K 1 1 œ 1 1 K3 4 3 4 4 3

abelian group. �

Problem 1.1.11  Find the orders of each element of the additive group .™ ™Î"#

Solution. The group is . Then the orders, respectively, are , , , , , , ,™ ™Î"# œ !ß "ß #ß ÞÞÞß "" " "# ' % $ "# #˜ ™
"# $ß %ß 'ß "# K Î Bß K, and . Notice these are gcd . Indeed, this will be proven later. k k a bk k �

Problem 1.1.12  Find the orders of the following elements of the multiplicative group a b™ ™Î"# ‚
: , , "ß" & (

, , ( "$.

Solution. The identity is , so the order for  is the smallest  such that  (with" B 8 −  _ B œ "™ 8e f
B œ " "ß #ß #ß #ß % " "$ œ "_ ). Respectively, these are , and  (since ). �

Problem 1.1.13  Find the orders of the following elements of the additive group ™ ™Î$' : , , ,"ß # ' * "!ß "#ß
"ß "!ß ").

Solution. The identity is , so the order for  is the smallest  such that  (with! B 8 −  _ 8B œ !™ e f
_B œ ! $'ß ")ß 'ß %ß ")ß $ß $'ß ")ß #). Respectively, these are . �

Problem 1.1.14  Find the orders of the following elements of the multiplicative group a b™ ™Î$' ‚
: "ß "ß &ß

"$ß "$ß "(.

Solution. The identity is , so the order for  is the smallest  such that  (with" B 8 −  _ B œ "™ 8e f
B œ " "ß #ß 'ß $ß 'ß #_ ). Respectively, these are . �

Problem 1.1.15  Prove that a b+ + ÞÞÞ+ œ + + ÞÞÞ+" # 8
"

8
" " "

8" "

Proof  . Assume so that . Then  so thata b a b+ + ÞÞÞ+ B œ " + + ÞÞÞ+" # 8 " # 8
"B œ + + + ÞÞÞ+ B œ + † "" "

" "
" # 8a b

a ba b a b a b+ + + + ÞÞÞ+ B œ + + ÞÞÞ+ B œ + + + ÞÞÞ+ B œ + + 8" " # "
" " " "

" # $ 8 # $ 8 $ % 8. Similarly, . Applying this  times results

in , as desired. B œ + + ÞÞÞ+8
" " "

8" " �

Problem 1.1.16  Let  be an element of . Prove that  if and only if  is either  or .B K B œ " B " ## k k
Proof. Assume . If , then . Otherwise,  (only the identity has order ) soB œ " B œ " B œ " B Á " "# k k k k

that  by definition since  would be the smallest power  need be raised to in order to obtain thek kB œ # # B
identity. On the other hand, assume  is either  or . If , then  as only the identity has order .k k k kB " # B œ " B œ " "
Otherwise  so by definition of order, . k kB œ # B œ "# �

Problem 1.1.17  Let  be an element of . Prove that if  for some positive integer  thenB K B œ 8 8k k
B œ B" 8".

Proof. Let . By definition, . Hence, . This is precisely thek kB œ 8 B œ " B † B œ B † B œ "8 8" 8"

definition of . B œ B" 8" �

Problem 1.1.18  Let  and  be elements of . Prove that  if and only if  if and only ifB C K BC œ CB C BC œ B"

B C BC œ "" " .

Proof. Assume  and . Multiplying by  on the left, . NowBß C − K BC œ CB C C BC œ C CB œ B" " "

assume . Multiplying by  on the left, . Finally, assume .C BC œ B B B C BC œ B B œ " B C BC œ "" " " " " " "
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Multipling by  on the left,  [generalized associativity]CB CB B C BC œ C B † B C BC œ C † C BC œa b a b a b" " " " "

BC œ " † CB œ CBa b . �

Problem 1.1.19  Let  and let .B − K +ß , − ™

(a)  Prove that  and .B œ B B B œ B+, + , + +,,a b
(b)  Prove that .a bB œ B+ +"

(c)  (a) ( ).Establish part  for arbitrary integers  and  positive, negative, or zero+ ,

Proof. Notice it is obvious  for all . This is because we can recursively define .B œ B B + − B+ +"  +™
If , then . Otherwise, .  Similarly, .+ œ ! B œ " B œ B † B B œ B † B+ + +" + +" "†

(a)  We will induct on  and  using strong induction. First, notice  [definition] .+ , B œ B œ B † B œ B B"" # " "

Now assume  for all  and  for some  . Then inductively we showB œ B B 7 Ÿ 8 8 Ÿ 5 5 −87 8 7 ™

B œ B B 7 Ÿ 5  " B œ B B B B œ B B B œ B BB œ B Ba b5" 7 5" 7 5" 5 " 5" 5 5 5 # for all . First,  so that ˆ ‰ a b
[definition] . The last step follows because if , . Otherwise, we useœ B 5 œ " B B œ BBB œ B œ B5# " # $ "#

our inductive assumption. Since , we have shown . Now assumeB œ B B œ B B5# 5" " 5" " 5"a b a b
B œ B B ; Ÿ 5 B B œ B B B œ B Ba b a b5" ; 5" ; 5" ;" 5" ; 5" ; for some . Then  [inductive

assumption] . œ B B œ Ba b a b a b5" ;" 5"  ;" �

Similarly, we can show . First, notice . Now assume  for all  anda b a b a bB œ B B œ B B œ B 7 Ÿ 8+ +, " "†" 8 87, 7"

8 Ÿ 5 5 − B œ B 7 Ÿ 8  " B œ for some . Then inductively we show  for all . First, ™ 8" 8" 7 8"7 "a b a ba b
B B œ B 5 Ÿ 8 B œ B B œa b a b8" " 8" 8" 5 8" 8" 8"5 5" 5

. Now assume  for some . Then  [part (a)]a b a b a b a b
B B œ B œ Ba b a b a b a b a ba b8" 5 8" 8" 5 8" 8" 5" [part (a)] . �

(b)  As in part (a), we can show this inductively. First, . Assume . Thena b ˆ ‰B œ B B œ B" " 5 5" "

B œ B † B œ B † B œ B B œ B † B œ B 5"  5" " " 5 " 5 " 5 5"" " "a b a b ˆ ‰ ˆ ‰ ˆ ‰ [Proposition 1.1.1(4)] .

Hence,  in general. a bB œ B+ +"
�

(c)  Let be any integer. Then , and + B œ B œ B œ B B œ B B B œ B œ " œ B œ " œ+! !+ + ! + + ! !†+ +†! + ! !+a b
a bB + , + ,+ !

. Hence, part (a) is valid when  or  is zero. Otherwise, consider when  and  are negative. Then we

know  by part (a). Then  and using part (b) andB œ B B œ B B B œ B B +, + , , +  +, , +" "a b a bˆ ‰ ˆ ‰
Proposition 1.1.1(4), this yields  so that . NowB œ B B œ B B B œ B B  +, + ,  +  , +, + ," "a b a b a ba b a b ˆ ‰
without loss of generality assume  is positive and  is negative. Consider . Then + , +   , + œ +  ,  ,k k k k a b
with both parts positive. Hence, . Now assume . ThenB B œ B B œ B B B œ B +  ,+ , +, , , +, , , +,a b k k k k
+ œ +  ,  , , +  , ,   +  ,a b k k k k with ,  negative, and , so by what we have just proved,

B œ B B B B œ B B B œ B+ +, , + , +, , , +,. Therefore, . �

Problem 1.1.20  For  an element in  show that  and  have the same order.B K B B"

Proof. Assume . By part (b) of the previous exercise, k k a b a bB œ 8 − B œ B œ B œ™ " 8 88 "

" œ " 8 7 − 7  8" . All that remains to be shown is that this is the least . Assume there is a  such that ™

and . Then  so that . However, this would contradict thea b a b a bˆ ‰B œ " B œ " B œ B œ " œ "" 7 7 7 "7 " " "

assumption . Hence, . Now assume . Suppose  has finite order, . Thenk k k k k kB œ 7 B œ 8 B œ _ B 8" "

†This is justified because .B œ B œ B B œ B B+ +"

3œ" 3œ"

+ +"# #Œ 
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a b a b a b a bˆ ‰B œ B œ " B œ B œ " œ " B" 8 8 8 "8 " " "
 so again . However, this would mean  has finite order,

a contradiction. Therefore, . k kB œ _" �

Problem 1.1.21  Let  be a finite group and let  be an element of order . Prove that if  is odd, thenK B 8 8

B œ B 5a b# 5  for some .

Proof. If ,  is the identity so the problem is trivial. Otherwise, let  be such that8 œ " B 7 − ™

8 œ #7 " B œ " B œ B œ B B œ ". Then by the previous exercise,  so that .a b a b a b a b" " " " "7 7 #7" #7

Multiplying by  on the right hand side, . Then B B B B œ B œ B œ B B œa b a b a b a bŠ ‹" " " #7 #7#7 #7 " " "

B œ B B œ B B œ B#7 " #7 # " #7 7
. But by the previous exercise, . Hence, so that a b a b a bB œ B œ" "

ˆ ‰a b a b a bB œ B œ B# # #7 7 5"
 for . If we wish to have a positive , let  be the least positive5 œ 7 5 <

integer such that . Then <8  7 B œ a b a b a b a b a b a bB † " œ B † B œ B B œ B# #< # 8 # # #5 5 5 <8 5<8#<
. �

Problem 1.1.22  If  and  are elements of the group , prove that . Deduce that B 1 K B œ 1 B1 +, œ ,+k k k k k k k k"

for all .+ß , − K

Proof. First, we will show . Inductively, when  we have a b a b1 B1 œ 1 B 1 8 œ " 1 B1 œ" " 8 "8 "

1 B 1 1 B1 œ 1 B 1 1 B1 œ 1 B1 1 B1 œ 1 B 1 †" " " " 5 " " " " 55 5" 5
. Otherwise, assume . Then a b a b a b a b ˆ ‰

a b a b a b k k1 B1 œ 1 B 11 B1 œ 1 B B1 œ 1 B 1 1 B1 œ 1 B 1 B œ 8 −" " 5 " " 5 " 5" " " 8 8
. Hence, . Then if  we™

see . Now assume there is a  such that  and .a b a b1 B1 œ 1 B 1 œ 1 1 œ " 7 − 7  8 1 B1 œ "" " 8 "  "8 7
™

Then  so left and right multiplication by and , respectively, yields  so1 B 1 œ " 1 1 11 B 11 œ 11" 7 " " 7 " "

that . However, this contradicts the assumption . Hence, . Let  andB œ " B œ 8 1 B1 œ 8 œ B B œ +,7 "k k k k k k
1 œ , + +, œ ,+ +, , + œ ,+" " ". Then . k k k k k ka ba ba b �

Problem 1.1.23  Suppose  and . If  for some positive integers  and , prove thatB − K B œ 8  _ 8 œ => = >k kk kB œ >= .

Proof. First, it is clear . Assume there is a  such that  anda bB œ B œ B œ " 7 − 7  >= => 8 > ™a b k kB œ " B œ " =7  => œ 8 B œ 8= =77
. Then , but , so this contradicts the fact . �

Problem 1.1.24  If  and  are commuting elements of , prove that  for all .+ , K +, œ + , 8 −a b8 8 8 ™

Proof. Inductively, . Assume . Then a b a b a b a b a b+, œ + , +, œ + , +, œ +, +, œ + , +, œ" 5 5" 5" " 5 5 5 5

ˆ ‰ a b+ + , , œ + , + , +, œ5 5 5" 5" 8
. Notice the penultimate step is justified by commutativity of  and . Hence, 

+ , 8 − 8 œ ! +, œ " œ + , 8 − +, œ + ,8 8  ! !  8 8! 8
 for all . When , . Finally, when , we know  by™ ™a b a b

what we have just shown, but  and  commute so . Then + , +, œ ,+ œ , + +, œa b a b a ba b8 8 88 8 "

a b a b a b a b+, œ , + œ + , œ + ,8 " " "8 8 8 8 8 8. �

Problem 1.1.25  Prove that if  for all  then  is abelian.B œ " B − K K#

Proof. Let . Then  since . Hence,  so . However,Bß C − K BC œ " BC − K BCBC œ " BC œ C Ba b# " "

notice that  since , so  and consequently . Then a b a ba bCB œ " CB − K CBCB œ " CB œ B C BC CB œ# " "

C B B C œ " BC œ B C œ CB BC œ CB Bß C − K K" " " " " ". This implies . Hence,  for all  and by definition 

is abelian. �
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Problem 1.1.26  Assume  is a nonempty subset of   which is closed under the binary operation onL Kßa bæ

K 2 5 − L 2 − L L and is closed under inverses, i.e., for all  and , hk and . Prove that  is a group under"

the operation   restricted to  (such a subset is called a subgroup of ).æ L K

Proof. Closure is given. Associativity follows from the lemma at the beginning of this section's

solutions. For each , . Hence, . Finally, for each , there is an2 − L " 2 œ 2 " œ 2 " œ " 2 − LK K L K   æ æ 

2 − L 22 œ 2 2 œ " œ " L" " "
K L (by our assumption of closure of inverses) such that . Hence,  is a

group under the operation. �

Problem 1.1.27  Prove that if  is an element of the group  then  is a subgroup of  calledB K B l 8 − Ke f8 ™ (

the cyclic subgroup of  generated by .K B)

Proof. Call the set . Let . Then there are  such that  andL œ 2ß 5 − L :ß ; − 2 œ Be fB l 8 −8 ™ ™ ;

5 œ B 25 œ B B œ B ;  : − 25 − L L: ; : ;:. Then  (exercise 19). Since ,  by definition. Therefore,  is™
closed under the operation of  Finally, if , then  and .KÞ 2 œ B 22 œ B B œ " 2 2 œ B B œ "" ; " ; ; " ; ;

Since ,  by definition, so  is closed under inverses. By the previous exercise,  is a; − 2 − L L L™ "

subgroup of . K �

Problem 1.1.28  Let  and  be groups and let  be their direct product. Verify all thea b a bEß Fß ˆ E ‚ Fæ

group axioms for : .E‚F 

(a)  prove that the associative law holds: for all , ,a b+ ß , − E ‚ F 3 œ "ß #ß $3 3

 ,a bc d c da ba ba b a ba b+ ß , + ß , + ß , œ + ß , + ß , + ß ," " # # $ $ " " # # $ $

(b)  prove that  is the identity of , anda b"ß " E ‚ F

(c)  prove that the inverse of  is .a b a b+ß , + ß ," "

Proof.   (a)  Let  with . Thena b+ ß , − E ‚ F 3 œ "ß #ß $3 3

 a bc d a ba b a ba ba b a b a b+ ß , + ß , + ß , œ + ß , + + ß , ˆ , œ + + + ß , ˆ , ˆ ," " # # $ $ " " # $ # $ " # $ " # $æ æ æ

  œ + + + ß , ˆ , ˆ , œ + + ß , ˆ , + ß ,a b a ba ba b a b" # $ " # $ " # " # $ $æ æ æ

  .œ + ß , + ß , + ß ,c da ba ba b" " # # $ $

The intermediate step follows because  and  by the+ + + œ , ˆ , ˆ , œ" # $ " # $æ æa b a ba b a b+ + + , ˆ , ˆ ," # $ " # $æ æ

fact associativity holds for these elements because  and  is a group. E F �

(b)  Let . Then . a b a ba b a b a b a b a ba b+ß , − E ‚ F "ß " +ß , œ œ +ß , œ + œ +ß , "ß "" +ß " ˆ , "ß , ˆ "æ æ �

(c) Let . Then a b a ba b a b a b a b+ß , − E ‚ F +ß , + ß , œ + œ "ß " œ + œ" " "
æ æ+ ß , ˆ , +ß , ˆ ," " "

a ba b+ ß , +ß ," " . �

Problem 1.1.29  Prove that  is an abelian group if and only if both  and  are abelian.E‚F E F

Proof.   Assume  is abelian. Then for all  and , it is true E‚F + ß + − E , ß , − F + ß , + ß , œ" # " # " " # #a ba ba ba b a ba b a b a ba b a b+ ß , + ß , + ß , + ß , œ + + ß , , + ß , + ß , œ + + ß , ,# # " " " " # # " # " # # # " " # " # ". However,  and . But thena b a b+ + ß , , œ + + ß , , + + œ + +" # " # # " # " " # # ", and the components must be equal by definition, so that  and

, , œ , , E F + ß , ß + ß , − E ‚ F + ß + − E" # # " " " # # " #. Hence,  and  are abelian. Now assume this. Let  with a b a b
and . Then . The intermediate step, ß , − F + ß , + ß , œ + + ß , , œ + + ß , , œ + ß , + ß ," # " " # # " # " # # " # " # # " "a ba b a b a b a ba b
is justified since we assumed  and  are abelian. By definition, we now know  is abelian. E F E‚F �
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Problem 1.1.30  Prove that the elements  and  of  commute and deduce the order of a b a b a b+ß " "ß , E ‚ F +ß ,
is the least common multiple of  and .k k k k+ ,

Proof.   We see . The intermediate step isa ba b a b a b a ba b+ß " "ß , œ + † "ß " † , œ " † +ß , † " œ "ß , +ß "
justified because , , and  and  are groups so multiplying  or  by the identity is commutative.+ − E , − F E F + ,
Let  and . Then  (by a trivial inductive argument) and so . Ifk k k k a b a b a b a b+ œ 8 , œ 7 +ß " œ + ß " +ß " œ "ß "8 88 8

there were a  with  such that . then  so that ,5 − 5  8 +ß " œ "ß " + ß " œ + ß " œ "ß " + œ "™ 5 5 5 55a b a b a bˆ ‰ ˆ ‰
contradicting the fact . Hence, . Similarly, . Now letk k k k k k k k k ka b a b+ œ 8 +ß " œ 8 œ + "ß , œ 7 œ ,
# # ! # " ! " ™œ 7ß 8 œ 7 œ 8 ß −lcm  with  and  for . Thena b 

a b a b a b a b a bˆ ‰ ˆ ‰Š ‹+ß , œ + ß , œ + ß , œ + ß , œ " ß " œ "ß " −# ! "# # ! " ! "7 8 7 8 . Now assume there is a such$ ™

that  and . Then  so that . Assume  so that  for some$ # $ $ +ß , œ " + ß , œ " + œ , œ " 8 l œ :8  <Îa b ˆ ‰$ $ $ $ $

:ß < −  ! !  <  8 + œ + œ + + œ + + œ " + œ + œ "™ :8< :8 < 8 < : < <:e f a b with . Then . However, this$

again contradicts the fact  since , so that . Similarly, . But then by definitionk k+ œ 8 <  8 8 l 7 l$ $
$ #  7ß 8 œ +ß , œ 7ß 8lcm , a contradiction. Hence, lcm . a b k k a b �

Problem 1.1.31  Prove that any finite group  of even order contains an element of order .K #

Proof.   Let . If there was an element of order , say , we would have  so that .k kK œ #8 # B B œ " B œ B# "

Let . Clearly, . Furthermore, consider the following procedure. Let L œ 1 − K l 1 Á 1 " Â L L œ Le f"
!

and define  by removing some pair  from  with ; that is . In eachL 1 ß 1 L 1 − L L œ L Ï 1ß 13" 3 3 3 3 3" 33
" "e f e f

iteration, we know  so that two elements are removed. Since  is finite (as is finite), eventually1 Á 1 L K"

L œ g 5 L œ L  # œ # L œ L  # œ %5 5" 5 5# 5" for some . But then , , etc., so thatk k k k k k k kk k k kL œ L œ #7 7 − L " Â L!
 for some . Therefore,  has an even number of elements. Since ,™k k k k k k k k k k k k k kL  K L œ K  " K  L  K  ". It is impossible that  since 1 is odd. Hence, . In other words,

KÏ L  " Á g B − K B Á " B œ B B Â La be f . But this means there is some  such that  with  (  by definition)."

That is, . k kB œ # �

Problem 1.1.32  If  is an element of finite order  in , prove that the elements  are allB 8 K "ß Bß B ß ÞÞÞß B# 8"

distinct. Deduce that .k k k kB Ÿ K

Proof.   Assume  for some  ( ). Without loss of generality, let . ThenB œ B 3 Á 4 ! Ÿ 3ß 4  8 3  43 4

B œ ! 3  4  8 B œ 8 "ß Bß B ß ÞÞÞß B34 # 8", but , so this contradicts the fact . Hence,  are all distinct. Therek k
are  of these elements, so . 8 K   8 œ Bk k k k �

Problem 1.1.33  Let  be an element of finite order  in .B 8 K

(a)  Prove that if  is odd then  for all 8 B Á B 3 œ "ß #ß ÞÞÞß 8  "Þ3 3

(b)  Prove that if  and  then  if and only if .8 œ #5 " Ÿ 3 Ÿ 8 B œ B 3 œ 53 3

Proof.   (a)  If  there is nothing to prove so assume . Assume  for some8 œ " 8  " B œ B3 3

" Ÿ 3 Ÿ 8  " B B œ " B œ " #3 Á 8 #3 8 #3 Ÿ 8. Then  so that . Clearly,  since  is even and  is odd. If  there3 3 #3

would thus be a contradiction (since ). Since , we then know  so thatk kB œ 8  #3 3  8 8  #3  #8
!  #3  8  8 B œ B œ B B œ B œ ". However, . In other words, we found a positive#3 #38 8 #38 8 #38a b
integer less than  such that  to the power of that integer is . But this contradicts the fact . Hence,8 B " B œ 8k k
B Á B " Ÿ 3 Ÿ 8  "3 3 for all . �

(b)  Let  for  and assume . Then  so that . By assumption, . IfB œ B " Ÿ 3 Ÿ 8 3 Á 5 B B œ " B œ " #3 Á 83 3 3 3 #3

#3 Ÿ 8 B œ 8  #3 3  8 8  #3  #8 there would thus be a contradiction (since ). Since , we then know  sok k
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that . However, . In other words, we found a positive!  #3  8  8 B œ B œ B B œ B œ "#3 #38 8 #38 8 #38a b
integer less than  such that  to the power of that integer is . But this contradicts the fact . Hence,8 B " B œ 8k k
3 œ 5 3 œ 5 " œ B œ B œ B B B œ B B œ B. Now assume . Since , we have , or . 8 #5 5 5 5 5 3 3 �

Problem 1.1.34  If  is an element of infinite order in , prove that the elements ,  are all distinct.B K B 8 −8 ™

Proof.   Assume  for some  with . Then . If , this contradicts theB œ B 3ß 4 − 3 Á 4 B œ " 3  4  !3 4 34™

assumption  has infinite order. If ,  so that . ThenB 3  4  ! B œ " œ " B œ B œ "a b34 "  34 43" a b
4  3  ! B B Á B 3ß 4 −, but again this contradicts the assumption  has infinite order. Hence,  for all  with3 4 ™
3 Á 4 B 8 −; that is, the elements ,  are all distinct.8 ™ �

Problem 1.1.35  If  is an element of finite order  in , use the Division Algorithm to show that anyB 8 K
integral power of  equals one of the elements in the set  so these are all the distinctB "ß Bß B ß ÞÞÞß Be f# 8" (

elements of the cyclic subgroup of  generated by K B).

Proof.   Let . Then  for some ,  with  by the Division Algorithm.5 − 5 œ ;8  < ; − < − ! Ÿ <  8™ ™ ™
Hence,

B œ B œ B B œ B B œ " B œ B5 ;8< ;8 < 8 < ; < <;a b
with  as required. ! Ÿ <  8 �

Problem 1.1.36  Assume  is a group of order  with identity . Assume also that  has noK œ "ß +ß ,ß - % " Ke f
elements of order . Use the cancellation laws to show that there is a unique group table for . Deduce that% K
K is abelian.

Proof.   Assume there are two group tables  and  with the same rows and colums bothQ Q" #

"representing"  and , in that order (so that , , and ). Now assume there is some"ß +ß ,ß - 1 œ + 1 œ , 1 œ -# $ %

3ß 4 Q B Á Q B Q B 34 Q such that  where  is the th entry of group table (matrix) ." 34 # 34 5 34 5a b a b a b


